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TWISTED CONJUGACY IN LINEAR ALGEBRAIC GROUPS
SUSHIL BHUNIA AND ANIRBAN BOSE
Abstract. Let k be an algebraically closed field, G a linear algebraic group
over k and ϕ ∈ Aut(G), the group of all algebraic group automorphisms of G.
Two elements x, y of G are said to be ϕ-twisted conjugate if y = gxϕ(g)−1 for
some g ∈ G. In this paper we prove that for a connected non-solvable linear
algebraic group G over k, the number of its ϕ-twisted conjugacy classes is infinite
for every ϕ ∈ Aut(G).
1. Introduction
Let G be a group and ϕ an endomorphism of G. Two elements x, y ∈ G are said
to be equivalent, denoted by x ∼ϕ y, if y = gxϕ(g)
−1 for some g ∈ G. Clearly,
∼ϕ is an equivalence relation on G. The equivalence classes with respect to this
relation are called the ϕ-twisted conjugacy classes or the Reidemeister classes of
ϕ. If ϕ = Id, then the ϕ-twisted conjugacy classes are the usual conjugacy classes.
The ϕ-twisted conjugacy class containing x ∈ G is denoted by [x]ϕ. Let R(ϕ)
denote the set of all ϕ-twisted conjugacy classes of G. The cardinality of R(ϕ),
denoted by R(ϕ), is called the Reidemeister number of ϕ, i.e., it is the number
of all ϕ-twisted conjugacy classes. A group G is said to have the R∞-property if
R(ϕ) is infinite for every automorphism ϕ of G.
The problem of determining groups which have the R∞-property is an active
area of research begun by Fel’shtyn and Hill [FH94] although the study of twisted
conjugacy can be traced back to the works of Gantmakher in [Gan39]. We refer
the reader to [FN16] and the references therein for more literature. The R∞-
property of irreducible lattices in a connected semisimple Lie group of real rank
at least 2 has been studied by Mubeena and Sankaran (see [MS14b, Theorem
1]). Nasybullov showed that if K is an integral domain of zero characteristic and
Aut(K) is torsion then GLn(K) and SLn(K) (for n > 2) have the R∞-property
(see [Nas12]). A Chevalley group G (resp. a twisted Chevalley group G′) over
a field K of characteristic zero possesses the R∞-property if the transcendence
degree of K over Q is finite, see [FN16, Theorem 3.2] (resp. [BDR20, Theorem
1.2]). It is worth mentioning that a reductive linear algebraic group G over an
algebraically closed field k of characteristic zero possesses the R∞-property if the
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transcendence degree of k over Q is finite and the radical of G is a proper subgroup
of G (see [FN16, Theorem 4.1]). The converse of this theorem holds if the group G
is GLn(k) or SLn(k) as shown in [Nas19, Theorem 7], where the author proves that
if k has infinite transcendence degree over Q then there exists an automorphism
ϕ of GLn(k) (resp. SLn(k)) such that R(ϕ) = 1. However, it turns out that the
automorphism thus obtained is induced by a non-trivial automorphism of k and
therefore ϕ is not an algebraic automorphism of GLn(k) (resp. SLn(k)). This
motivates the following consideration:
Let k be an algebraically closed field and G a linear algebraic group defined over
k. Let Aut(G) denote the group of all algebraic group automorphisms of G. We
say that G has the algebraic R∞-property if R(ϕ) = ∞ for all ϕ ∈ Aut(G). Since
we shall deal with only algebraic automorphisms of algebraic groups in the sequel
(except Section 2.1), we call the algebraic R∞-property simply as the R∞-property
of G. A natural question that arises is the following:
Question 1.1. Under what conditions does G have the R∞-property ?
Motivation for the present work comes from the results of Springer in [Spr06],
where he studied the twisted conjugacy classes in simply connected semisimple
algebraic groups. A classical result by Steinberg says that for a connected linear
algebraic group G over an algebraically closed field k and a surjective endomor-
phism ϕ ofG, if ϕ has a finite set of fixed points thenG = {gϕ(g)−1 | g ∈ G} = [e]ϕ,
i.e., R(ϕ) = 1. Therefore, in this scenario, G does not satisfy the R∞-property
(see [Ste68a, Theorem 10.1]). For an endomorphism ϕ of a simple algebraic group
G there exists the following dichotomy: (1) ϕ is an automorphism. (2) ϕ has a
finite set of fixed points (see [Ste68a, Corollary 10.13]). In an attempt to answer
Question 1.1, we prove the following sufficient condition:
Theorem (Theorem 3.13). Let G be a connected non-solvable linear algebraic
group over an algebraically closed field k. Then G possesses the R∞-property.
However, the above condition is not necessary as is evident from Example 3 in
Section 4 of this article. Also, see Proposition 3.16.
2. Preliminaries
In this section we fix some notations and terminologies and recall some results
which will be used throughout this paper.
2.1. The following results hold for any abstract group G.
Lemma 2.1. [FLT08, Corollary 3.2] Let ϕ be an automorphism of G and Intg the
inner automorphism defined by g ∈ G. Then R(ϕ ◦ Intg) = R(ϕ). In particular,
R(Intg) = R(Id), i.e., the number of inner twisted conjugacy classes in G is equal
to the number of conjugacy classes in G.
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Lemma 2.2. [MS14a, Lemma 2.1] Let 1 −→ N −→ G −→ Q −→ 1 be an exact
sequence of groups. Suppose that N is a characteristic subgroup of G and Q has
the R∞-property then G also has the R∞-property.
Lemma 2.3. [MS14a, Lemma 2.2(ii)] Let 1 −→ N −→ G −→ Q −→ 1 be an
exact sequence of groups. Suppose that N is a characteristic subgroup of G. If Q
is finite and N has the R∞-property, then G also has the R∞-property.
The next lemma is a modified version of Lemma 2.2(i) of [MS14a]. We include
a proof for the sake of completeness.
Lemma 2.4. Let 1 −→ N
i
−→ G
pi
−→ Q −→ 1 be an exact sequence of groups.
Suppose that N is a finite, characteristic subgroup of G and every automorphism
of Q is induced by an automorphism of G. If G has the R∞-property then Q also
has the R∞-property.
Proof. Let ϕ ∈ Aut(G). Since N is a characteristic subgroup of G, then the
restriction of ϕ to N , denoted by ϕ|N , is an automorphism of N . Also, ϕ induces
an automorphism on Q ∼= G/N , denoted by ϕ such that the following diagram
commutes:
1 // N
i
//
ϕ|N

G
pi
//
ϕ

Q //
ϕ

1
1 // N
i
// G
pi
// Q // 1
.
For instance, we have ϕ ◦π = π ◦ϕ. First, observe that π induces a surjective map
π̂ : R(ϕ) −→ R(ϕ) given by π̂([x]ϕ) = [π(x)]ϕ. Therefore R(ϕ) ≥ R(ϕ) (this in
fact proofs Lemma 2.2).
If possible suppose that not all fibres are finite. Let xr ∈ G (r ≥ 0) be such that
π̂([xr]ϕ) = π̂([x0]ϕ) for all r ≥ 1 but [xr]ϕ 6= [xs]ϕ for all r 6= s (this is possible
bacause G possesses the R∞-property). Then for each r ≥ 1, we have
π(x0) = π(gr)π(xr)ϕ(π(gr))
−1 = π(gr)π(xr)π(ϕ(gr))
−1 = π(grxrϕ(gr)
−1),
for some gr ∈ G. Thus, for each r ≥ 1 there exists nr ∈ N such that x0nr =
grxrϕ(gr)
−1. Hence [x0nr]ϕ = [xr]ϕ for all r, which is a contradiction, since N is
finite and [xr]ϕ 6= [xs]ϕ for r 6= s.
Therefore R(ϕ) =∞ if and only if R(ϕ) =∞. Finally, let θ ∈ Aut(Q). By our
assumption, there exists ϕ ∈ Aut(G) such that ϕ = θ. Thus R(θ) = R(ϕ). Then
R(θ) = ∞ if and only if R(ϕ) = ∞ if and only if R(ϕ) = ∞. Hence Q has the
R∞-property as G has the R∞-property. 
2.2. Linear algebraic groups and Chevalley groups. There are several ex-
cellent references for this topic (for example, see Humphreys [Hum75]). Fix an
algebraically closed field k. A linear algebraic group G (over k) is a Zariski-closed
subgroup of GLn(k) for some n ≥ 1. Let G be a connected linear algebraic group.
The radical (denoted by R(G)) of G is defined to be the largest closed connected
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solvable normal subgroup of G. The unipotent radical (denoted by Ru(G)) of G is
defined as the largest closed connected unipotent normal subgroup of G. The group
G is said to be semisimple (resp. reductive) if R(G) = 1 (resp. Ru(G) = 1). A
non-commutative algebraic group G is called simple if it has no non-trivial proper
closed connected normal subgroup.
Let G be a connected reductive algebraic group and g the associated Lie algebra.
If T is a maximal torus of G then g decomposes as g = t ⊕
(⊕
α∈Φ
gα
)
, where t is
the Lie algebra of T , Φ the root system of G with respect to T and for each α ∈ Φ,
gα = {X ∈ g | ad(t)X = α(t)X, ∀ t ∈ t} is a t-invariant subspace of g with
respect to the adjoint action of t on g.
It turns out that up to isomorphism, every semisimple algebraic group over k is
obtained as a Chevalley group based on k (see [Ste68b, Chapter 5]), which we now
define. Let L be a complex semisimple Lie algebra, H, a Cartan subalgebra of L
with the associated root system Φ and a simple subsystem ∆. Then with respect to
the adjoint action ad : L −→ gl(L), L has the decomposition L = H⊕
(⊕
α∈Φ
Lα
)
,
where Lα = {X ∈ L | ad(H)(X) = [H,X ] = α(H)X ∀ H ∈ H}, for each
α ∈ Φ. There exists a Chevalley basis B = {hδ, eα : δ ∈ ∆, α ∈ Φ} of L, where
hα ∈ H is the co-root associated to α ∈ Φ and eα ∈ Lα such that [eα, e−α] = hα
for each α ∈ Φ. Let LZ be the Z-span of B in L and set Lk = LZ ⊗Z k. Now, for
α ∈ Φ, t ∈ k, ad(teα) is nilpotent (since eα is) and hence exp(teα) and exp(tad(eα))
are automorphisms of Lk. The adjoint Chevalley group G of type Φ over k is
defined as the subgroup of Aut(Lk) generated by {exp(tad(eα)) : α ∈ Φ, t ∈ k} and
the universal Chevalley group G˜ of type Φ over k is defined as the one generated
by {exp(teα) : α ∈ Φ, t ∈ k}. Note that G˜ surjects onto G via exp(teα) 7→
exp(tad(eα)) with the center Z(G˜) of G˜ as kernel. In general, by a Chevalley group
of type Φ over k, we mean a group isomorphic to G˜/N where N ≤ Z(G˜) is a
normal subgroup of G˜. For a detailed account of this construction the reader may
refer to [Car89] or [Ste68b].
2.3. Automorphisms. Let G be a connected semisimple algebraic group. Fix a
maximal torus T and a Borel subgroup B of G such that T ⊂ B. Let Φ be the
root system of G determined by T and ∆ the simple subsystem of Φ determined
by B. Let Aut(G) denote the group of all algebraic group automorphisms of G
and Int(G) the group of all inner automorphisms of G (hence Int(G) is a subgroup
of Aut(G)). If D := {ϕ ∈ Aut(G) | ϕ(T ) = T, ϕ(B) = B} and Γ is the group of all
automorphisms of Φ which stabilize ∆, then there exists a natural homomorphism
D −→ Γ. With the above notation, we quote the following result from [Hum75] :
Lemma 2.5. [Hum75, Theorem 27.4] Let G be a semisimple algebraic group. Then
the following holds:
(1) Aut(G) = Int(G)D.
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(2) The natural map D −→ Γ induces a monomorphism Aut(G)/Int(G) −→ Γ.
Furthermore, since we are working over an algebraically closed field, the group
G is split and hence we have
Lemma 2.6. [KMRT98, Theorem 25.16] Let G be a simply connected or adjoint
type semisimple group. Then the following short exact sequence of groups
1 // D ∩ Int(G) // D // Γ // 1 ,
splits, where D ∩ Int(G) is the kernel of the natural map D −→ Γ.
Remark 2.7. If G is simple then the group Γ is non-trivial only for the root sys-
tems of type Al (l ≥ 2), Dl (l ≥ 4), E6 (in arbitrary characteristic), B2, F4 (in char-
acteristic 2) and G2 (in characteristic 3). The order of the graph automorphisms
are 2, 2, 3, 2, 2, 2, 2 for types Al, Dl, D4, E6, B2, F4, G2 respectively. (See [Ste68b, p.
85, Corollary], and also, see Figure 1).
Figure 1. Graph automorphisms
Al (l ≥ 2) • • • • ρ2 = 1
Dl (l ≥ 4) • • • •
•
•
ρ2 = 1
D4 • •
•
•
ρ3 = 1
E6 • • • • •
•
ρ2 = 1
B2 • •> char(k) = 2ρ2 = 1
F4 • • • •> char(k) = 2ρ2 = 1
G2 • •> char(k) = 3ρ2 = 1
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3. Proof of the main result
The following results will be used in the proof of our main theorem.
Lemma 3.1. Let G be a connected linear algebraic group. Then ker(Ad) is a
characteristic subgroup of G, where Ad : G −→ GL(g) is a group homomorphism
such that Ad(g) = d(Intg) for all g ∈ G.
Proof. Suppose ϕ ∈ Aut(G), then we have to show that ϕ(ker(Ad)) = ker(Ad).
Let Intg ∈ Int(G) for some g ∈ G. The proof now follows from the following two
commutative diagrams. First, we have
G
ϕ
//
Int(g)

G
Int(ϕ(g))

G
ϕ
// G.
This induces the following commutative diagram on the corresponding Lie algebras
g
dϕ
//
Ad(g)

g
Ad(ϕ(g))

g
dϕ
// g.
Having embedded G in GLn(k) for some n ≥ 1, the above diagram implies that
ϕ(g)dϕ(X)ϕ(g)−1 = dϕ(gXg−1) for all X ∈ g. Let g ∈ ker(Ad), then gXg−1 = X
for all X ∈ g. Since dϕ is an automorphism of g, then for X ∈ g there exists an
Y ∈ g such that dϕ(Y ) = X . Now
ϕ(g)Xϕ(g)−1 = ϕ(g)dϕ(Y )ϕ(g)−1 = dϕ(gY g−1) = dϕ(Y ) = X.
Therefore ϕ(g) ∈ ker(Ad). Hence ϕ(ker(Ad)) = ker(Ad). 
Remark 3.2. However, if G is a connected reductive group then ker(Ad) = Z(G),
hence ker(Ad) is characteristic (see, for example, [Hum75, p. 169, Exercise 5]).
Lemma 3.3. Suppose that G is a simple algebraic group. Then
Aut(Gn) ∼= (Aut(G))n ⋊ Sn.
Proof. Let Gn = G1 × G2 × · · · × Gn, where Gi = G and set Hi = (1 × · · · ×
Gi × · · · × 1) for i ∈ I := {1, ..., n}. Then G
n is semisimple and H1, ..., Hn are
its simple components (i.e., minimal closed connected normal subgroups of G of
positive dimension). If ϕ ∈ Aut(Gn) then for every i ∈ I, ϕ(Hi) is also a simple
component and hence there exists ki ∈ I such that ϕ(Hi) = Hki (by Theorem 27.5
of [Hum75]). Therefore, ϕ gives rise to a bijection σ : I −→ I defined by σ(i) = ki
for all i ∈ I.
Now, for every γ ∈ Sn, define γ : G
n −→ Gn by γ(x1, . . . , xn) = (xγ(1), . . . , xγ(n))
for all (x1, ..., xn) ∈ G
n and observe that γ 7→ γ defines an injection Sn →֒ Aut(G
n)
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and hence we identify Sn with its image M (say) in Aut(G
n). Also, we identify
(Aut(G))n with a subgroup N of Aut(Gn) via
(ϕ1, . . . , ϕn) 7→ ϕ(1,...,n)((x1, . . . , xn) 7→ (ϕ1(x1), . . . , ϕn(xn)).
Note that N ∩M = 1. If ϕ ∈ Aut(Gn) and σ ∈ Sn the permutation arising from ϕ
(as seen above), then σ ∈ M and ϕ ◦ (σ)−1(Hi) = ϕ(Hσ−1(i)) = Hi (for all i ∈ I).
Therefore ϕ ◦ (σ)−1 ∈ N and hence Aut(Gn) = NM . Also, for every γ ∈ M and
ψ(1,...,n) ∈ N , we note that γ
−1◦ψ(1,...,n)◦γ(Hi) = γ
−1◦ψ(1,...,n)(Hγ(i)) = γ
−1(Hγ(i)) =
Hi (for all i ∈ I). Thus Aut(G
n) = N ⋊ M or Aut(Gn) ∼= (Aut(G))n ⋊ Sn as
desired. 
We get the following characterization of the R∞-property using the above lemma.
Lemma 3.4. Suppose that a simple algebraic group G possesses the R∞-property.
Then Gn also possesses the R∞-property.
Proof. Let ϕ ∈ Aut(Gn). Then by Lemma 3.3, we have ϕ = (ϕ1, ϕ2, . . . , ϕn; σ),
where ϕi ∈ Aut(G) for all i = 1, 2, . . . , n and σ ∈ Sn. If σ
r(1) = 1 for some
smallest r ∈ {1, 2, . . . , n}, then choose ai’s from distinct ϕ1ϕσ(1) · · ·ϕσr−1(1)-twisted
conjugacy classes in G.
Claim: R(ϕ) =∞.
Suppose if possible R(ϕ) <∞. Then without loss of generality we may assume
that (ai, 1, . . . , 1) ∼ϕ (a1, 1, . . . , 1) for i = 2, 3, . . . in G
n. Then for some fix i there
exists g˜i ∈ G
n such that
(a1, 1, . . . , 1) = g˜i(ai, 1, . . . , 1)ϕ(g˜i)
−1 (3.1)
where g˜i = (g1, g2, . . . , gn) ∈ G
n. Now
ϕ(g˜i) = (ϕ1, ϕ2, . . . , ϕn; σ)(g1, g2, . . . , gn) = (ϕ1(gσ(1)), ϕ2(gσ(2)), . . . , ϕn(gσ(n))).
(3.2)
Therefore from Equations (3.1) and (3.2), we get
(a1, 1, . . . , 1) = (g1, g2, . . . , gn)(ai, 1, . . . , 1)(ϕ1(g
−1
σ(1)), ϕ2(g
−1
σ(2)), . . . , ϕn(g
−1
σ(n))).
This implies
a1 = g1aiϕ1(g
−1
σ(1)),
gj = ϕj(gσ(j))
for j = 2, 3, . . . , n. Therefore, from the above two equations, we get
a1 = g1aiϕ1(g
−1
σ(1)) = g1aiϕ1ϕσ(1)(g
−1
σ2(1))
...
= g1ai(ϕ1ϕσ(1) · · ·ϕσr−1(1))(g
−1
σr(1))
= g1ai(ϕ1ϕσ(1) · · ·ϕσr−1(1))(g
−1
1 ).
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Which is a contradiction to the fact that ai’s are in different ϕ1ϕσ(1) · · ·ϕσr−1(1)-
twisted conjugacy classes in G. Therefore R(ϕ) =∞. 
An immediate corollary is the following:
Corollary 3.5. With the notation as above, we have R(σ) =∞, where σ ∈ Sn.
Next, we describe a connection between the ϕ-twisted conjugacy classes of a
reductive group G to a certain geometric invariant theoretic (GIT)-quotient of G.
We refer the reader to Newstead [New78, Chapter 3] for a nice introduction to
GIT. Let G be a reductive group acting on an affine variety X via a morphism
σ : G × X −→ X . Then there exists an affine variety denoted by X//σG, called
the GIT-quotient of X by G and a G-invariant morphism π : X −→ X//σG
which satisfies the following universal property: suppose that Y is any variety and
f : X −→ Y is a G-invariant morphism, then there exists a unique morphism
f˜ : X//σG −→ Y such that f˜ ◦ π = f .
X
pi
//
f
##●
●
●
●
●
●
●
●
●
●
X//σG
f˜

✤
✤
✤
Y
.
Note that, the map π is induced from the inclusion map of the corresponding
coordinate rings k[X ]G = k[X//G] →֒ k[X ]. For x ∈ X , G · x contains a unique
closed orbit G · y for some y ∈ G which implies that π(x) = π(y). Also, if G · x1
and G · x2 are two distinct closed orbits in X then π(x1) 6= π(x2). Therefore
points of X//σG are in one to one correspondence with the closed orbits of X .
For details of the above discussion, we refer the reader to [New78, Theorem 3.5,
Corollaries 3.5.1, 3.5.2]. In particular, if G acts on itself via ϕ-twisted conjugacy,
i.e., g · x = gxϕ(g)−1, then we have the following:
Lemma 3.6. Let G be a reductive algebraic group and ϕ ∈ Aut(G). Then there
exists a surjective map η : R(ϕ) −→ G//ϕG, where R(ϕ) is the set of all ϕ-twisted
conjugacy classes of G and G//ϕG denotes the GIT-quotient corresponding to the
ϕ-twisted action.
Proof. The points in the GIT-quotient G//ϕG correspond to the closed orbits in
G. By the above, for a given x ∈ G the closure of the orbit [x]ϕ contains a
unique closed orbit [y]ϕ for some y ∈ G. Hence closed orbit exists in R(ϕ) and
π(x) = π(y). Moreover, if [x1]ϕ and [x2]ϕ are two distinct closed orbits of G, then
π(x1) 6= π(x2). Thus, the above map π : G −→ G//σG induces a surjective map
η : R(ϕ) −→ G//ϕG given by η([x]ϕ) = π(x). 
Let G be a (universal or adjoint) Chevalley group of type Φ based on k. We fix
the following notation (see [Ste68b]):
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Notation 3.7. Let xα(t) = exp(teα) if G is universal and xα(t) = exp(tadeα) if G
is adjoint. Set Xα = 〈xα(t) | t ∈ k〉, and
nα(t) = xα(t)x−α(−t
−1)xα(t),
hα(t) = nα(t)nα(−1).
Then G is generated by the elements xα(t)’s, i.e., G = 〈xα(t) | α ∈ Φ, t ∈ k〉.
Viewing G as a semisimple linear algebraic group over k, we observe that T =
〈hα(t) | α ∈ Φ, t ∈ k
×〉 is a maximal torus of G and B = T ⋉U is a Borel subgroup
of G, where U = 〈xα(t) | α ∈ Φ
+, t ∈ k〉 and Φ+, a positive subsystem. Let Γ be as
in Section 2.3 and ρ ∈ Γ. Then by Theorem 29 of [Ste68b], there exists an abstract
automorphism ρ : G −→ G such that ρ(xα(t)) = xρ(α)(ǫαt) for all α ∈ Φ, t ∈ k,
where ǫα is a sign depending on α ∈ Φ. Furthermore, ǫα = 1 if α or −α is a simple
root.
Lemma 3.8. For every ρ ∈ Γ, the map ρ is an algebraic group automorphism of
G. Moreover, ρ ∈ D (where D is as in Section 2.3).
Proof. We observe that for every α ∈ Φ,
ρ(hα(t)) = ρ (nα(t)nα(−1)) = ρ
(
xα(t)x−α(−t
−1)xα(t)xα(−1)x−α(1)xα(−1)
)
= xρ(α)(ǫαt)xρ(−α)(−ǫ−αt
−1)xρ(α)(ǫαt)xρ(α)(−ǫα)xρ(−α)(ǫα)xρ(α)(−ǫα)
= nρ(α)(ǫαt)nρ(α)(−ǫα) (since ρ(−α) = −ρ(α), ǫαǫ−α = 1)
= hρ(α)(ǫαt).
Therefore ρ(T ) = T . Also, note that ρ(B) = B, since ρ(U) = U . It remains to show
that ρ is an algebraic morphism. In view of [Hum75, Lemma 32.1], it is sufficient to
prove that the restriction of ρ on the Borel subgroup B of G is a morphism. Now,
observe that Xα −→ Xρ(α) (defined by xα(t) 7→ xρ(α)(t), t ∈ k) and the product
map Xα1 × Xα2 × · · · × Xαr −→ U , defined by (xα1(t1), . . . , xαr(tr)) 7→
∏
xαi(ti)
(ti ∈ k, i = 1, . . . , r) are isomorphisms of varieties, where Φ
+ = {α1, . . . , αr} is the
set of all positive roots. Therefore ρ is an isomorphism of varieties when restricted
to U . Also, we have the following commutative diagram:
Gnm
f
//
ρ◦f
  ❆
❆
❆
❆
❆
❆
❆
❆
T
ρ

T
,
where f(t1, . . . , tn) =
∏n
i=1 hαi(ti) for ti ∈ k
× and {α1, ..., αn} is the set of all
simple roots. This in turn induces
Gnm
K
f˜
//
ρ˜◦f ❄
❄
❄
❄
❄
❄
❄
T
ρ

T
,
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where K := ker(f) = ker(ρ ◦ f), and f˜ and ρ˜ ◦ f are isomorphism of varieties.
Therefore, ρ : T −→ T is a morphism. Thus, ρ is a morphism when restricted
to B = TU . Similarly it can be shown that ρ−1 is also a morphism of varieties.
Hence, the proof. 
Lemma 3.9. For each of the root systems of type Al (l even) (in arbitrary char-
acteristic), B2, F4 (in characteristic 2) and G2 (in characteristic 3), there exists a
simple root α such that hα(t)hρ(α)(t) 6= 1 for all t ∈ k \ {0,±1}.
Proof. If possible, suppose hα(t)hρ(α)(t) = 1 for some t ∈ k \ {0,±1}. Writing
hα(t)hρ(α)(t) with respect to the Chevalley basis, we have t
Aαβ+Aρ(α)β = 1 for all
β ∈ Φ, where Aαβ ∈ {0,±1,±2,±3} are Cartan integers (for details, see [Car89,
Section 3.6]). In particular, choosing β = α, we get tAαα+Aρ(α)α = 1, i.e., t2+Aρ(α)α =
1. Now we prove this case by case. For the root system of type Al, Aρ(α)α = 0 or−1.
Then either t2 = 1 or t = 1. Therefore t = 1 or −1, which is a contradiction. For
the root system of type B2 over a field of characteristic 2, Aρ(α)α = −1. Then t = 1,
a contradiction. Now for the root system of type F4 over a field of characteristic 2,
we choose a simple root α such that Aρ(α)α = 0. Then t
2 = 1, again a contradiction.
Lastly, for the root system of type G2 over a field of characteristic 3, Aρ(α)α = −3.
Therefore t = 1, a contradiction. Hence the result. 
Before moving on to prove our next set of results we make the following obser-
vation: Let G be a semisimple algebraic group and ϕ ∈ Aut(G). Then by Lemma
Lemma 2.5, ϕ = f ◦ Intg for some f ∈ D and Intg ∈ Int(G). Now let ρ ∈ Γ be the
automorphism of Φ induced by f ∈ D and consider the element ρ ∈ D induced by
ρ as in Lemma 3.8. Since ρ(Xα) = Xρ(α) for all α ∈ Φ, we note that ρ also induces
the automorphism ρ of Φ. Therefore by Lemma 2.6, ρ−1 ◦ f ∈ Int(G) ∩ D, i.e.,
f = ρ ◦ Inty for some y ∈ T and hence, ϕ = ρ ◦ Intyg. So, by Lemma 2.1, we have
R(ϕ) = R(ρ). We summarise this as:
Lemma 3.10. Let G be a semisimple algebraic group. Then G has the R∞-property
if and only if R(ρ) =∞ for all ρ ∈ Γ.
Proposition 3.11. Let G be a simply connected simple algebraic group. Then G
possesses the R∞-property.
Proof. In view of Lemma 3.10, it suffices to show that R(ρ) =∞ for every ρ ∈ Γ.
By [Spr06, Corollary 2], we have G//ρG ∼= A
d, where d = dim T ρ, T a maximal
torus of G and T ρ = {t ∈ T | ρ(t) = t}. In view of Lemma 3.6, it is enough to
prove that G//ρG is infinite, i.e., d > 0. We shall prove this by considering all
types of simple root systems one by one.
(1) First, if the root system of G is of one of the following types : A1, Bl (l ≥
2), Cl (l ≥ 3), E7, E8, F4, G2 (except B2, F4 in characteristic 2 and G2 in character-
istic 3), then by Remark 2.7 Γ = {Id}, i.e., ρ = Id. Then, by Lemma 2.6, ρ = Inty
for some y ∈ T . Therefore in view of Lemma 2.1, we have R(ρ) = R(Inty) = R(Id)
which is the number of conjugacy classes in G. Now there are infinitely many
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semisimple conjugacy classes, as the algebraic group is defined over an algebraically
closed field. Hence G has the R∞-property. Next, for the root systems of type
Al (l > 1 and odd), Dl (l ≥ 4) and E6 there is always a simple root, say α,
such that ρ(α) = α. For such a simple α, we note that hα(t) ∈ T which implies
that ρ(hα(t)) = hρ(α)(t) = hα(t) for all t ∈ k
×. Thus hα(t) ∈ T
ρ for all t ∈ k×.
Therefore d > 0, in these cases.
(2) For the root systems of type Al (l even), B2, F4 over k of characteristic 2 and
G2 over k of characteristic 3, we pick hα(t)hρ(α)(t) ∈ T . Since ρ
2 = Id, then
ρ(hα(t)hρ(α)(t)) = hρ(α)(t)hρ2(α)(t) = hρ(α)(t)hα(t) = hα(t)hρ(α)(t)
for all t ∈ k×. Thus hα(t)hρ(α)(t) ∈ T
ρ. By Lemma 3.9, we have hα(t)hρ(α)(t) 6= 1.
Therefore d > 0 in these cases as well.
This completes the proof. 
Corollary 3.12. Let G be a simple algebraic group. Then G possesses the R∞-
property.
Proof. Note that Gad = Gsc/Z(Gsc) is a simple group of adjoint type isogenous to
Gsc. Let {exp(teα) : α ∈ Φ} and {exp(tadeα) : α ∈ Φ} be the generators of Gsc
and Gad respectively. For every ρ ∈ Γ, let ρ (resp. ρ˜) be the automorphism of Gad
(resp. Gsc) induced by ρ as in Lemma 3.8. We have the following commutative
diagram
Gsc
ρ˜
//
pi

Gsc
pi

Gad
ρ
// Gad,
where π : Gsc −→ Gad is given by π(exp(teα)) = exp(tadeα). Also, note that
ker(π) = Z(Gsc) (see [Car89, Lemma 11.3.1]). So we have the following short
exact sequence of groups
1 // Z(Gsc) // Gsc // Gad // 1 ,
where Z(Gsc) is a characteristic subgroup of Gsc. Since Gsc has the R∞-property
by Proposition 3.11 and Z(Gsc) is finite, by virtue of Lemma 2.4 we have R(ρ) =∞
for all ρ ∈ Γ. Hence by Lemma 3.10, Gad has the R∞-property. Now if G is any
simple algebraic group, we have the following short exact sequence
1 // ker(Ad) // G
Ad
// Gad // 1 ,
where ker(Ad) = Z(G) (see Remark 3.2). In view of Lemma 2.2, we conclude that
G has the R∞-property. Hence the result. 
Now, we are in a position to prove our main theorem of this paper.
Theorem 3.13. Let G be a connected non-solvable linear algebraic group. Then
G satisfies the R∞-property.
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Proof. First, suppose G is a connected semisimple algebraic group of adjoint type.
Then G is a direct product of connected simple groups of adjoint type, i.e.,
G = G1 × · · · × Gr, where Gi are simple of adjoint type. By Corollary 3.12 and
Lemma 2.2, and Lemma 3.4, G possesses the R∞-property. Again, by Lemma 2.2,
G has the R∞-property when G is any connected semisimple algebraic group.
Let G be a connected non-solvable group. Then we have the following short
exact sequence of groups
1 // R(G) // G // G/R(G) // 1 ,
where R(G) is the radical of G such that G/R(G) is connected semisimple. Note
that R(G) is a characteristic subgroup of G. Then by the previous paragraph and
Lemma 2.2, G has the R∞-property. 
Corollary 3.14. Let G be a linear algebraic group such that the connected com-
ponent G0 of G is non-solvable. Then G satisfies the R∞-property.
Proof. For any linear algebraic group G, we have the following short exact sequence
of groups
1 // G0 // G // G/G0 // 1 ,
where G0 is the connected component of G containing the identity element of G
and G/G0 is finite. Observe that G0 is characteristic in G. By Theorem 3.13, G0
has the R∞-property. In view of Lemma 2.3, G possesses the R∞-property. 
Corollary 3.15. Let G be a non-toral reductive algebraic group. Then G has the
R∞-property.
Proof. Follows from Theorem 3.13. 
We end this section with the following sufficient condition for a connected solv-
able group to have the R∞-property.
Proposition 3.16. Let G be a connected solvable algebraic group. Suppose that
ϕ(T ) = T and R(ϕ|T ) =∞ for all ϕ ∈ Aut(G). Then G has the R∞-property.
Proof. The connected solvable group G can be decomposed as Gu ⋊ T , where Gu
is the maximal connected unipotent subgroup of G and T is a maximal torus. Let
ϕ ∈ Aut(G). Then there exists g ∈ G such that gϕ(T )g−1 = T , i.e., Intg◦ϕ(T ) = T .
Let ψ := Intg ◦ ϕ. We will write ψ|Gu = ψ1 and ψ|T = ψ2. Therefore
[(1, t)]ψ = {(ast · (ψ2(s)
−1 · ψ1(a)
−1), stψ2(s)
−1) | a ∈ Gu, s ∈ T}.
Note that ψ(Gu) = Gu. Since R(ψ2) = ∞ then R(ψ) =∞. Thus, by Lemma 2.1,
R(ϕ) =∞. Hence G has the R∞-property. 
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4. Examples
In this section we compute R(ϕ) for certain classes of algebraic groups. Example
3 shows that the sufficient condition proven in Theorem 3.13 is not necessary.
(1) Suppose Dn(k) = {diag(t1, . . . , tn) | ti ∈ k
×} is the diagonal subgroup of
GLn(k).
(a) Let ϕ be an automorphism of Dn(k) given by
ϕ(diag(t1, . . . , tn)) = diag(t
−1
1 , . . . , t
−1
n ).
Then Dn(k) = [In]ϕ. Thus Dn(k) does not satisfy the R∞-property.
(b) For r ∈ N, let ϕr be an automorphism of Dn(k) given by
ϕr(diag(t1, t2, . . . , tn)) = diag(tn, t1, t2, . . . , tn−2, tn−1t
−r
n ).
Then Dn(k) = [In]ϕr for all r ∈ N.
(2) Let ϕ = ϕ1 × ϕ2 be the automorphism of Ga × Gm, where ϕ1 is an auto-
morphism of Ga given by ϕ1(x) = αx for α ∈ k
× \ {1} and ϕ2 is an au-
tomorphism of Gm given by ϕ2(x) = x
−1. Then R(ϕ) = R(ϕ1)R(ϕ2) = 1.
Therefore Ga ×Gm does not satisfy the R∞-property.
(3) The standard Borel subgroup B2(k) =
{(
a b
0 a−1
)
| a ∈ k×, b ∈ k
}
of
SL2(k) satisfy R∞-property. Note that B2(k) = U ⋊ T ∼= Ga ⋊Gm, where
T =
{(
a 0
0 a−1
)
| a ∈ k×
}
∼= Gm and U =
{(
1 y
0 1
)
| y ∈ k
}
∼= Ga .
Let ϕ ∈ Aut(B2(k)). Since T and ϕ(T ) are two maximal torus then there
exists g ∈ B2(k) such that gϕ(T )g
−1 = T . Consider the automorphism
ψ := Intg ◦ ϕ of B2(k). Then the restriction of ψ on T is an automorphism
of T , with an abuse of notation, call it ψ. Then it has two possibilities,
either ψ(diag(t, t−1)) = diag(t, t−1) or ψ(diag(t, t−1)) = diag(t−1, t) for all
t ∈ k×.
Claim: ψ(diag(t, t−1)) = diag(t−1, t) for all t ∈ k× is not possible.
On the contrary, if it is possible then ψ
((
a b
0 a−1
))
=
(
a−1 αa−2b
0 a
)
on B2(k), since all the automorphism of Ga is of the form x 7→ αx for some
α ∈ k×. But clearly, this is not a homomorphism. Hence the claim.
Therefore ψ = Id on T . Thus, R(ψ|T ) = R(Id) = ∞. Then, in view of
Proposition 3.16, R(ψ) =∞. By Lemma 2.1, we have R(ϕ) = R(Intg◦ϕ) =
R(ψ) = ∞. Hence the group B2(k) has the R∞-property although it is
solvable.
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